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Abstract: The purpose of this paper is to establish and project the theorems which exhibit the characterization of b-closed spaces and
obtain some of interesting properties of b-closed spaces. Moreover, fuzzy b-closed spaces are introduced, and some characterization of

their properties are obtained.
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1. Introduction

In [4], the authors introduced the notion of b-closed spaces and
investigated its fundamental properties. The concept of b-open
sets in fuzzy settings was introduced by Benchalli and Karnel [1].
In this paper, we investigate a class of sets called b- closed sets.
We study some of its basic properties. Afterward, we introduce
the concept of fuzzy b-closed spaces.

In particular, the notion of generalized b-closed spaces and its
various characterizations are given (see Section 2). In Section 3,
we study various forms of fuzzy b-closed spaces.

Now, we recall the following definitions which are useful in the
sequel.

Proposition 1.1. A subset 4 of a space X is b-open if and only
if A =B UC , where B is semi-open and C is preopen.

Proposition 1.2.

@) Let A and B be subsets of a space X such that
AcB.IftA4 ebo(X),thenA ebo(B).

Gi) If
A ebo (X)

Aebo(B), Beao(X), then

Proposition 1.3. A space X is extremally disconnected if and
only if every b-open subset of X is preopen.

Proposition 1.4. A space X is strongly irresolvable if and only
if every b-open subset of X is semi-open.

Proposition 1.5. For a space X , the following are equivalent:
@) X is locally indiscrete,

(ii) Every b-open subset of X is preclosed.

2. b-closed Spaces

Definition 2.1. A space X
cover of X has a finite subfamily, the union of the preclosures

is called b-closed if any b-open

of whose members covers X .
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Remark 2.2. Since 50 (X )Upo (X )cbo(X ). and

since pclA =A whenever A is semi-open, it is clear that

every b-closed space is both S-closed and p-closed. However, the
author asks about the existence of a space that is both S-closed
and p-closed but not b-closed.

The following two propositions follows from Propositions 1.3
and 1.4 and from the fact that pcld = A whenever A is

semi-open.

Proposition 2.3. For an extremally disconnected space X , the
following are equivalent:

(i) X s b-closed.

(i) X s p-closed.

Proposition 2.4. For a strongly irresolvable space X , the
following are equivalent:

(i) X s b-closed.

(ii) X s S-closed.

The following result is an immediate consequence of Proposition

1.1 and from the fact that SO (X )UpO (X ) cbo (X ) .

Proposition 2.5. A space X is b-closed if and only if any cover

of X whose members are semi-open or preopen has a finite
subfamily, the union of the preclosures of whose members covers

X .

Lemma 2.6. A subset 4 of aspace X is b-open if and only if

there exists a preopen subset U of X  such that

UcdcpclU .
Theorem 2.7. For a space X , the following are equivalent:
@) X s b-closed.

(i) Any regular p-open cover of X has a finite subfamily,
the union of the preclosures of whose members covers X .

(iii) Any pre-regular p-closed cover of X has a finite
subcover.

Proof. (i) to (ii): Follows since every regular p-open set is b-
open.
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(ii) to (iii): Follows since every pre-regular p-closed set is regular
p-open and preclosed.

(i) to (i): Letu = {Ua a e A} be a b-open cover of X .
Then by Lemma 2.6, for each & € A, there exists a preopen
subset V', of X such that V', U, CpClVa. Now

V= {pClVa oA A} is pre-regular p-closed cover of X

and thus by (ii), there exists &, Q,,...,Q, €A such that
n n

X :Ui=1pClVai =Ui=1pCan[ . Hence, X is b-

closed.

The following result follows from the the definition of a b-closed
space and from Propositions 2.5 and Theorem 2.7, the
straightforward proof is omitted.

Proposition 2.8. For a space X , the following are equivalent:
(i) X is B-closed.

(ii) For any familyy = {Ua oAS A} of b-closed
subsets of X such thatﬂ = {Ua a € A} = , there exists

a finite subset Ao of A such that

N={pintU,:aeA}=9.

(iii) For any family U = {Ua oA A} each of whose
members is semi-closed or preclosed in X  such that
ﬂ = {Ua a e A} = , there exists a finite subset Ao of

A such that ﬂ:{pintUa 2a€A0} =0.

(iv) For any family u = {Ua oA A} of regular p-
closed subsets of X such that ﬂ = {Ua a e A} = @,

there  exists a finite subset

N={pintU, :a e} =D.

Ao of Asuch  that

) For any family u# = {U o aE A} of pre-regular p-
open subsets of X such that ﬂ = {Ua a € A} = , there
exists a finite subset A, of A  such that
N={U,:aeA,}=0.

Definition 2.9. Let 4 be a subset of a space X
x € X s said to be a b-pre- @ -accumulation point of 4 if

pCl (U)ﬂA # (I for every b-open subset U of X that

. A point

contains X . The set of all b- @ -accumulation points of A is
called the b-pre-@ -closure of A

pcly(4) . 4
pcl 0 (A ) =A . The complement of a b—pre- 0 —closed set is

and is denoted by b-
is said to be b-pre-e -closed if b-

called b-pre- o0 -open.

It is clear that 4 is b-pre-e-open if and only if for each

x €A , there exists a b-open set U such that

x eU c pClU c A , thus, every b-pre-e-open set is b-
open.

Definition 2.10.

(i) A space X is called b-regular if for each b-open
subset /' of X and for each X €U there exists a b-open
subset J of X and a b-closed subset F' of X such that
xelVl cFcU.

(ii) A space X s called strongly b-regular if for each b-
open subset U/ of X and for each X €U there exists a b-
open subset J of X and a preclosed subset 5 of X such
thatx €/ cF cU.

The following lemma can be easily established.

Lemma 2.11.

(i) A space X is strongly b-regular if and only if every
b-open subset of X is b-pre- 0 -open.

(i) If A is pre-regular p-open, then A is b-pre- @ ~closed.

(ii)  bcld cbcl,A .

(iv) If A is preopen, then bcl ;4 =bclA .
Remark 2.12.

(1) The converse of Lemma 2.11 (ii) is not true, e.g. if X

is an infinite set and T cof is the cofinite topology on X , then

in(X T

> “eof

not pre-regular p-closed as it is not preclosed (observe that the

) , every cofinite subset of X is b-pre- & -open but

nonempty b-open (preopen) subsets of (X ,T Of-) are the

C

infinite subsets of X ).
It follows also from Proposition 1.5 that every locally indiscrete
space is strongly b-regular. The converse is, howere, not true, e.g.

if X' is an infinite set and T cof is the cofinite topology on X
then in (X > Teof ), every b-open subset of X is b-pre-@ -
open. Thus by Proposition 2.11 (i), X
Howere, (X ,T

C

is strongly b-regular.
of ) is not locally indiscrete.

Theorem 2.13. A space X is b-closed if and only if every b-pre-
0 -open cover of X has a finite subcover.

Proof. Suppose that X is b-closed and letid = {Ua ‘e A}

be a b-pre- @ -open cover of X . Then for eachx € X , there
exists &, € A suchthat X € Uax . Since Uax is b-pre-t9 -

open, there exists a b-open seth such  that

X EVx CpCZVx CUax , butX is b-closed, so there

n
exists X |, X 5,..0,X € X suchthat X = [=1Uax[

Sufficiency. Follows from Theorem 2.7 and Lemma 2.11 (ii).
Proposition 2.14. let. X be a b-closed, strongly b-regular space.
Then X is finite.

Proof. It follows from Lemma 2.11 (i) and Theorem 2.13, that if
X is a B-closed, strongly b-regular space, then every b-open
Since

cover of X has a finite subcover.
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SO (X )UpO (X ) cbo (X ) , X is both semi-compact
and strongly compact. Hence, X is finite.

Definition 2.15. A filter base " on a space X is said b-pre- o -
converge to a pointx € X if for each b-open subsetU of X
such thatx €U |, there exists F € T" such that ¥ < pcl U .
I' is said to b-pre- o atx €U if

(pClU)('\F #O for every F € ' and for every b-open

-accumulate

subset U of X suchthatx €U .

Observe that if a filter base 1" b-pre- o -converges to a point
x €U, then T b-pre-t9 -accumulate atX . On the other
hand, it is easy to see that a maximal filter base I" b-pre- o -

converges to a pointx € X if and only if I’ b-pre-(9 -
accumulate atX .
Theorem 2.16. For a space X, the following are equivalent:

(i) X s b-closed.

(i) Every maximal filter base on X b-pre- @ -converges
to some point of X .

(iii) Every filter base on.X b-pre- @ -accumulate at some
point of X .

Proof. (i) to (ii): Let I" be a maximal filter base on X such that
I' does not b-pre- 0 -converge to any point of X . Since I is
maximal, I" does not b-pre- 0 -accumulate at any point of X

Thus, for eachx € X exists F’ . € I" and a b-open subsetUJ

X

of X' such thatx €U | and(pClUx)ﬂF; =0, butX

is B-closed, so there exists X |, X 5,...,X , € X such that

n
X = LJZ,:1 pClUxi .Since I is a filter base on X , there

n
exists F € T suchthat FF [ | IF; , but
iz

i

(pCZUx,)ﬂEc, = for eaech i 6{1,2,...,71} , SO
(pCZUXi )ﬂF = (J for eaech E{l,2,...,l’l},i.e.

(U;pclUxi )ﬂF =XNF=F=Q ,a

contradiction.

(ii) to (iii): Let I" be a filter base on X . Then I is contained
in a maximal filter base Y on X .

By (i), Y b-pre-t9 -converges to some pointX of X , thus

Y b-pre-@ -accumulatesat X ,butl’ = Y ,sol" b-pre-& -
accumulate at X .
(iii) to (ii): Suppose that X is not B-closed. Then by Proposition

2.8, there exists a b-open cover U = {Ua oA A} of X
such that for any finite subset Ao of A,

ﬂ{p il’lt(X \Ua ) A= Ao} # (J . For each finite subset
Ao of A ,letFAo :ﬂ{p int(X \Ua):a IS Ao} . Then
I'= {F A, A\ 1s a finite subset of A} is a filter base

on X . Sinceld isab-open cover of X , there exists

o, € A suchthatx €U % ,butl” b-pre-e -accumulates at

X ,so(pClUx[)ﬂFig forevery F' € I' . Let
F=pint(X \Uao).ThenFerandthus

(pClUxi )ﬂ (p int (X \U% )) # (J a contradiction.

3. Fuzzy b-close Spases
Definition 3.1. [7] For two fuzzy subsets z4 and f, of X | the
fuzzy subset 14 + p; is defined by

(1 + ) (x ) =V {ar (x1) A gt (2) | ¥ =1+, .
And for a scalar  of K and a fuzzy subset g of X , the
fuzzy subset £ f¢ is defined by

“(3)
(14)(x)=

viu(y)ly ex|

ift#0

ift=0andx #0 .
ift=0andx =0

Definition 3.2. [5] x€l” is said to be,

1. convex if 7 g1+ (1—1 ) pr < pu for each 1 €[0,1]

2. balanced if t 4 < u for each ¢t € K with |t| <1

3. absorbing if v{t,u(x ) [t > O} =1forallx e X.

Definition 3.3. [5] Let (X ,z’) be a topological space and
o(r)= {f (X ,7) > [0,1]] fis lower semicontinuous} ,
then a)(z') is a fuzzy topology on X . This topology is called

the fuzzy topology generated by 7 on X . The fuzzy usual
topology on K means the fuzzy topology generated by the usual
topology of K .

n =M implies %p(xn —x)>1—€

therefore

n>M implies P_, (x, —x)StE<t.

Definition 3.4. [5] A fuzzy linear topology on a vector space
X over K is a fuzzy topology on X such that the two
mappings

+  XxX—>X,

KxX X,

Are continuous when K has the fuzzy usual topology and
K xX and X xX have the corresponding product fuzzy
topologies. A linear space with a fuzzy linear topology is called a
fuzzy topological linear space or a fuzzy topological vector space.
Definition 3.5. [5] Let x be a point in a fuzzy topological space
X . Afamily F of neighborhood of x is called a base for the
system of all neighborhoods of x if for each neighborhood u

(x,y)>x+y
(t,x)—)tx

of x and each 0<6<,u(x), there exists 14 € F' with

M < p oand ,ul(x)>¢9.
Definition 3.6. [6] A fuzzy semi norm on X is a fuzzy set p in
X which is convex, balanced and absorbing. If in addition

/\{(tp)(x )|t > 0} for x #0, then p is called a fuzzy norm.
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Definition 3.7. [6] If p is a fuzzy semi norm on X , then the
family B , = {HA(tp)|O< <Lt > 0} is a base at zero for a

fuzzy linear topology 7 o - The fuzzy topology 7 0 is called the

fuzzy topology induced by the fuzzy semi norm p . And a linear

space equipped with a fuzzy semi norm is called a fuzzy semi
normed linear space.
Definition 3.8. [8] Let p be a fuzzy semi norm on X .

P.:X — R, Isdefined by
Pg(x):/\{t >0\tp(x)>g}
For each ¢ € (0,1).
Theorem 3.9. [8] The P, is a semi norm on X for each

g€ (0,1) . Further P, is norm on X for each ¢ € (0,1) if and
only if p isa fuzzy normon X .

Definition 3.10.A fts X
every family A of fuzzy b-open set such that v A =1, there is
el

is said to be fuzzy b-closed iff for

a finite o < A such that that

( \% bCl(A))(x)ZIX ,forevery x e X .
Aed

Definition 3.11.A fuzzy set U inafts X is said to be fuzzy b-
closed relative to X iff for every family A of fuzzy b-open set

subfamily

such that v A =1, there is a finite subfamily § € 4 such
Aeld

that that v bCI (A)(x)=U (x), for every x €§ (U)
Aed

Remark 3.12. Every fuzzy b-compact space is fuzzy b-closed,

but the converse is not true.

Theorem 3.13. A fts X is fuzzy b-closed iff for every fuzzy

filterbases I" in X ( A bCl (G )j #0, .
Gell

Proof. Let i be a fuzzy b-open set cover of X and let for

every finite family of s, AvabCl (A)(x)<1x for some
€

x €X . Then (AAabCl (G)j(x)>0x for some. x € X
(S

Thus {(bCl (A ) S ,u)} =T forms a fuzzy b-open filterbases

in X. Since p is a fuzzy b-open set cover of X , then

AN A|=0,,
[Aexl] *

[ A bCl (bCl (G ))j (x ) =0, , which is a contradiction. Then
Aeu

which implies

every fuzzy b-open u of X has a finite subfamily O such that

( v bCl(A)(x)jzlx forevery x € X .
Aed

Hence X is a fuzzy b-closed.
Conversely, suppose there exists a fuzzy b-open filterbases I" in

X such that ( A bCl (G ))ZOX . That implies
Gell

( v (bCl—(G)))(x): L for

Gell

x € X and hence

U= {(bCl (G )):G eF} is a fuzzy b-open set cover of X.

Since X is fuzzy b-closed, by definition p has a finite subfamily

0 such that ( v bCl (bCl (G))j(x ) =1, forevery x € X ,
Geo

and hence A [bCl (bCl (G ))j =0,.Thus A G=0, isa
Aed Geo

contradiction. Hence A bCI (G ) # 0,
Gell

Theorem 3.14. Let f :(X ,r) - (Y ,0') be a fuzzy b*-
continuous surjection. If X is fuzzy b-closed space, then ¥ is
fuzzy b-closed space.

Proof. Let {AA tde A} be a fuzzy b-open cover of ¥ . Since

1 is fuzzy b*—continuous, {f_l (Al;L ) ‘A€ A} is fuzzy b-open

cover of X. By hypothesis, there exists a finite subset A of I
such that v bCI (f -l (A/l )) =1, . Since f is surjection and
AeA

by theorem

s )= (b4

< v bCl (4 =vbClA)
v (f(f (42)= v e 1))
Hence Y is fuzzy b-closed space.
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